Generalized Mantel-Haenszel Procedures for 2 × J Tables by Yanagawa, Takashi et al.
Generalized Mantel-Haenszel Procedures for
2xJ Tables
Takashi Yanagawa,1 Yoshinori Fujii,2 and Joe Mastuoka3
1Department of Mathematics, Kyushu University, Fukuoka, Japan; 2Department of Mathematics, Faculty of
Education, Miyazaki University, Miyazaki, Japan; 3Fujisawa Pharmaceutical Industry Co. Ltd., Osaka, Japan
Generalization of Mantel-Haenszel procedure for 2 x J ( J > 2 ) tables is reviewed. Included are generalized Mantel-Haenszel tests, estimators for a
common odds ratio, and generalized Breslow-Day test for the homogeneity of odds ratios across the strata.-Environ Health Perspect 102(Suppl 8):
57-60 (1994)
Key words: contingency tables, cause-effect association, epidemiology, odds ratio, statistical test, statistical estimation
Introduction
The Mantel-Haenszel procedure (1) is a set
of the statistical methods most frequently
employed in the analysis of epidemiologic
data. It consists ofestimation and testing of
the odds ratio, presuming the homogeneity
of the odds ratios across strata. A method
for testing the homogeneity of the odds
ratios has been developed by Breslow and
Day (2) and added to the procedure [for
example, SAS version 6.1 (3)]. The proce-
dure is solely for 2 x2 tables.
Logistic regression analysis, widely used
in the analysis of epidemiologic data,
employs the unconditional method of max-
imum likelihood. Occasionally the condi-
tional method of maximum likelihood also
is employed in the analysis, in particular
when the sample size is small. Compared
with these methods, the Mantel-Haenszel
procedure has the following characteristics:
while the results by logistic regression
analysis are sensitive to the mathematic
model employed, the Mantel-Haenszel
procedure is free from the models; more
precisely, the test statistic is nonparametric
and the estimator is a moment estimate
(4). Furthermore, the Mantel-Haenszel
estimator is dually consistent, i.e., consis-
tent when the number oftables is fixed and
the sample size in each stratum is large (5);
it is also consistent when the sample size in
each table is fixed and the number oftables
is large (6). While the unconditional maxi-
mum likelihood estimator (MLE) is consis-
tent in the former situation, it is not
consistent in the latter (6-8). Thus, the
Mantel-Haenszel estimator is more stable
for sparse tables than the unconditional
MLE. It has been shown that when subject
responses are correlated within tables, the
Mantel-Haenszel estimator is consistent,
while the conditional MLE is not consis-
tent (9).
Birch (10), Landis, Heyman, and Koch
(11), Mantel and Byar (12), and Yanagawa
(13) extended the Mantel-Haenszel test for
2xJ tables. Yanagawa and Fujii (14) gen-
eralized the Breslow-Day test for 2 xJ
tables. Liang (15), Greenland (16), and
Yanagawa and Fujii (14) extended the
Mantel-Haenszel estimator for 2xJ tables.
The purpose of the present article is to
review the generalization of the Mantel-
Haenszel procedure for 2xJ tables.
Notation
We consider K2 xJ tables for which the
cell frequencies and cell probabilities are
shown in Table 1. Our primary interest is
the relationship between the two
classifications represented by the second
(disease) and the third (exposure) indices;
the first index denotes nuisance variables
on which we are stratifying. Thej'th odds
ratio taking thejth column as a base in the
kth stratum will be denoted by:
v(j) = Elj k2i-
Vtkj = 'klj' k2j
(j=2,...,J;k=1,2,...,K). The Mantel-
Haenszel type testing and estimation pre-
sume the homogeneity of the odds ratios;
more specifically
(t,) = y =... = (4 (=V7j), say), [1]
and focus on the common odds ratios,
W It is easy to see that the odds ratios
satisfy the following property:
[2] y(j) = 1, v(1) = I/V('
f(y' ']j'
= f(y)
for all j, j', j" = 1, 2,..., J. In particular,
putting yfj= ;ty1) we have Vty )= yr./v,..
Thus, under Equation 2, Vt,j-1,2,.,J,
play the basic role in the inference below.
The property (Equation 2) is called the
invariance ofthe odds ratios with respect to
the selection ofthe comparison group.
Testing Exposure and Disease
Association
We note that no exposure and disease asso-
ciation is expressed by yVt $) = 1 for anyj,
j'=1,2,..J, which is equivalent to fj=1,
j=2,3,.. .t
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Table 1. The cell frequencies and cell probabilities in the kth table.
Cell frequencies ____ Cell probabilities
1 2... j... J Total 1 2 . ... J
Xk1 Xk12 ... Xklj- ..- XklJ Xk1+ Pk1 Pk12 ... Pk1j_ Pk1J
Xk21 Xk22 ... Xk2 Xk2J Xk2+ Pk21 Pk22 Pk2j Pk2J
Xk+1 Xk+2 ... Xk+j ... Xk+J Xk+
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The Case ofNonordinal Exposure
For testing the null hypothesis Ho:yfj=1,
j=1,2,...,J against HI:Ho is not true, we
use the test statistic given by Yanagawa
(13) which follows chi-square distribution
with (K-1)(J-1) under Ho asymptotically.
The Case ofOrdinal Exposure
We suppose that the values CklXCk2... X CkJ
(Ck,<Ck2<...Ckj) may be given to exposure
categories. Putting k(j1)=,1(Ckj-Ckj), we
formulate the problem by testing the null
hypothesis Ho:1=O against HI:ft<0 or P/>.
We have the one degree of freedom chi-
square test given by Landis, Heyman, and
Koch (11;13). In particular, ifCk1=C1 for
all k, then the test reduces to the one pro-
posed by Birch (10) and Mantel-Byar (12).
Estimating Exposure and
Disease Relationship
AProjectionMethod
The Mantel-Haenszel estimator of the
common odds ratio from 2x2 tables that
are made by thejandj' columns in Table
1 is denoted by:
aj(i) =R, IRj., I i I 1
where
R= K XkljXk2,j
k=1 Xk..
We call the {R..,} the naive Mantel-
Haenszel estimator. They lack the invari-
ance property with respect to the selection
ofa base whenJ>2; namely,
a(,i) Oll) (,j).
To modify these estimators to have the
invariance property, we introduce a projec-
tion method. Put
01=0
6,=log yr() j=2,3.J
b,()=log a>j I'
and
Q = < W.., [bij) (O., _ j)]2,
1<iIi
i
of {6.}. The estimates of {90} are given by
minimizing Qwith respect to 6..
When these estimates are oitained, the
estimate ofthe odds ratio V.l is given by
Vjf =exp[6y -6,],
which is easily seen to be an invariant esti-
mator with respect to the selection of a
base. We call this estimator a projection
method estimator. A formula for the esti-
mated variance of the projection method
estimator is given by Yanagawa and Fujii
(17).
Example 1. Putting W,=l for allj andj',
we have
Ai =JE(b,(i)-b(i))
which is the generalized Mantel-Haenszel
estimator of Greenland (16) and
Yanagawa and Fujii (14).
Example 2. Putting O= 3Cj,j=1,2,...,J,
where Cj's are the values of the ordinal
categories, the estimator ofPis given by:
=
[ ..,W, (j, Cj2]-
1
S b(.P(C,-Cj) 1<1
LiangsEsimatingFunction
Liang (15) generalized the Mantel-Haenszel
estimator by introducing an estimating
function. In the simplest case, his estimat-
ing function maybe represented by:
2 tW[R#,Vj -Rjj,fj,] = 0 .
iv +vi,
The estimate of ip=(p2.i,) is obtained
from this equation by means ofan iterative
method. We may show that the projection
method estimator with the weight
Wj'=Rjj'Rjy,,/(RjjI,+Rj-,) is asymptotically
equivalent to the Liang estimator. Note
that, since ajJ is dually consistent, the
asymptotic equivalence referred to includes
both where the number of tables is fixed
and the sample size in each stratum is
large, and where the sample size in each
table is fixed and the number of tables is
large.
where W.., is an appropriate weight such
that W.,=W, and is assumed independent
Testing the Homogeneity of
the Odds Ratios
The Mantel-Haenszel type testing and esti-
mation procedures in the preceding sec-
tions presume the homogeneity ofthe odds
ratios presented in Equation 1. We general-
ize the Breslow-Day test for testing
Ho: 1,4f=v24f)=-..kti43 (=i5) say)
against
HI: Ho is not true
Putting
Xk =(Xk22 ..* Xk2J) '
Wt= ( ...I fJ)I
Ek( f), Vk( f): the asymptotic conditional
mean vector and covariance matrix ofXt,
conditioned on all marginals Xk+j, xki,
(i=1,2:j=1,...,J:k=1,...,K),the Breslow-
Day test is generalized to be
A KA
S(TMMH) = Xk
-Ek(TMH)]I
k=1
[V A
k;(TMH)]_ [Xk _Ek(TMH)A
where PMH is the generalized Mantel-
Haenszel estimator ofGreenland (16) and
Yanagawa and Fujii (14). Yanagawa and
Fujii (14) show that this statistic does not
follow chi-square distribution under Ho
asymptotically and that it affords anticon-
servative results. A method ofmodification
of this statistic is given by Yanagawa and
Fujii (14) so that it follows chi-square dis-
tribution with (K-1)(J-1) d.f. asymptoti-
cally under Ho, together with the method
of modification ofthe generalized Mantel-
Haenszel estimator so that it tends to be
asymptotically efficient. The algorithm for
the computation is represented as follows:
Step 1. Obtain the generalized Mantel-
Haenszel estimateTMH*
Step 2. Obtain the mean vector (E)
and covariance matrix (Vk) ofXk; this is
undertaken by iterative proportional fitting
(IPF) in each stratum by putting ql1=1,
q21=1, q21= 1I'JMH' (j=1,2,.,J) as initial
values for the cell frequencies. Let mkij be
the converged frequency ofthe (i,j)cell in
the kth stratum. Then compute
V l=r1E+D(r),where E is the unit matrix
oforder J-1; D(r) is the diagonal matrix
with elements r2,r3,...,r1; and rj=(I/m )+
(l/mk2j). The estimate ofthe]th element
of Ek is Mr2j and the estimate of Vk is the
inverse ofV*-I.
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Step 3. Compute the chi-square statistic
S(TMH)
K I F(Xkl -Mklj)2 (Xk2
-Mk2j)2 1
k=i j=iL Mklj Mk2j
Step 4. Compute the efficient estimate
ofthe common odds ratio
T TMMH +D(eIMH)[Vk]
FK1
[ (Xk -Mk)
k=l
where Mk=(Mk22. * Im )
Step 5. Compute the chi-square statistic
T(TMH) = S(TMH) [Y.(Xk -Mk)] k=r, 8
Computer Program
Using SAS/IML (3) we made a computer
program for the Mantel-Haenszel proce-
dure for 2xJ tables described in this arti-
cle. Wewish to publish it elsewhere.
An Example
As an illustration of the generalized
Mantel-Haenszel procedure, we use part of
a data set from the case-control study of
esophageal cancer given in Breslow and
Day (2). Suppose that our primary concern
is the association of alcohol consumption
and esophageal cancer among persons less
than 55 years of age. Epidemiologists
might prefer stratifying on the confound-
ing variables (in this case age and tobacco
consumption) and then, if the odds ratios
are homogeneous throughout the strata,
summarizing the information in each table
by estimating and testing the common
odds ratios. The method is intuitive and
easy to comprehend, but from the point of
view ofanalysis we have to deal with an
abundance ofsmall entries and empty cells.
The data are summarized in eight 2 x4
tables, shown in Table 2. The response cat-
egories are alcohol consumption of0 to 39,
40 to 79, 80 to 1 19, and 120+ g/day. The
results of analysis by the generalized
Mantel-Haenszel procedure and those by a
log-linear model are presented in Table 3.
Alcohol consumption of 0 to 9 g/day has
been taken as a base in the table. The ten-
dency ofthe unconditional MLE from the
log-linear model towards inflated values
with sparse data is evident for the 120+
g/day category; in this case the generalized
Mantel-Haenszel estimate is 121.80, and it
is improved to be 194.23. The generalized
Mantel-Haenszel estimator has little
influence on sparse data (16). The improve-
ment is essential for the homogeneity test
to follow a chi-square distribution. The
value of the corrected chi-square homo-
geneity test is 24.66; whereas G2=26.19
and X2=27.73. Although the difference is
not as great as in the case ofestimation, we
can still see the impact ofthe sparse data
on G2, the unconditional likelihood ratio
and on X2, the Pearson chi-square.
Table 2. Alcohol consumption and esophageal cancer in a case-control study stratified by age and tobacco con-
sumption.a
Alcohol consumption, g/day
Age Tobacco 0-39 40-79 80-119 120+ Total
25-34 10-19 Case 0 0 0 1 1
Control 10 7 1 0 18
35-44 0-9 Case 0 0 0 2 2
Control 60 35 11 1 107
35-44 10-19 Case 1 3 0 0 4
Control 13 20 6 3 42
35-44 20-29 Case 0 1 0 2 3
Control 7 13 2 2 24
45-54 0-9 Case 1 6 3 4 14
Control 45 32 13 0 90
45-54 10-19 Case 0 4 6 3 13
Control 18 17 8 1 44
45-54 20-29 Case 0 5 1 2 8
Control 10 10 4 1 25
45-54 30+ Case 0 5 2 4 11
Control 4 2 2 0 8
"From Breslow and Day(2).
Table 3. Results ofthe analysis.
Alcohol consumption, g/day
The estimated odds ratio 0-39 40-79 80-119 120+
The generalized Mantel-Haenszela 1 10.11 11.45 121.80
The improved estimate 1 13.29 14.87 194.23
The unconditional MLE 1 14.22 16.08 235.12
The homogeneity test chi-square (df=21)
Uncorrected S('PMH)= 25.30
Corrected T('IMH)=24.66
Likelihood ratio chi-square G2=26.19
Pearsonchi-square X2 =28.73
Weight W=1
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